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Abstract. In this paper, we prove that Dedekind-Mertens lemma holds only for those 
semimodules whose subsemimodules are subtractive. We introduce Gaussian semirings 
and prove that bounded distributive lattices are Gaussian semirings. Then we introduce 
weak Gaussian semirings and prove that a semiring is weak Gaussian if and only if each 
prime ideal of this semiring is subtractive. Later we define content semimodules, content 
semialgebras and weak content semialgebras and show that in content extensions, mini- 
mal primes extend to minimal primes and discuss zero-divisors of a content semialgebra 
over a semiring who has Property (A) or whose set of zero-divisors is a finite union of 
prime ideals. 



Dedicated to Professor Winfried Bruns 
0. Introduction 

Semirings not only have significant applications in different fields such as automata 
theory in theoretical computer science, (combinatorial) optimization theory, and general- 
ized fuzzy computation, but are fairly interesting generalizations of two broadly studied 
algebraic structures, i.e. rings and bounded distributive lattices. Especially polynomials 
and formal power series over semirings have important role in applied mathematical. 

One of the interesting and helpful concepts for studying polynomial rings is the con- 
cept of the content of a polynomial. In fact there are important connections between the 
contents of two polynomials over a ring and the content of their multiplication. 

More precisely, let for the moment, (i?, +, ., 0, 1) be a commutative ring with identity, X 
an indeterminate over the ring R and define the content of a polynomial f eR[X], denoted 
by c(/), to be the i?-ideal generated by the coefficients of /. A celebrated theorem in the 
multiplicative ideal theory of commutative rings, known as Dedekind-Mertens content 
formula that is a generalization of Gauss' lemma on primitive polynomials, states that for 
all f,g e R[X], there exists a non-negative integer m < deg(^) such that c{f)'^c{fg) = 

c{fr+'c{g) (m). 

Since the concept of the content of a polynomial and Dedekind-Mertens content for- 
mula have some interesting applications in commutative algebra (cf. HAGH . llAKJ . [.BGl . 
llHHll . [iNal . [iNoH . llORl . M and ffl) and much of the theory of rings continues to make 
sense when applied to arbitrary semirings (cf. lO or HHWH ). the question may arise if 
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similar applications can be found for polynomials over semirings. The main purpose of 
the present paper is to investigate the content of polynomials over semirings and to show 
their applications. 

First we explain what we mean by a semiring. More on semirings can be found in 
the books lO and HHWH for example. In this paper, by a semiring, we understand an 
algebraic structure, consisting of a nonempty set S with two operations of addition and 
multiplication such that the following conditions are satisfied: 

(1) (5, +) is a commutative monoid with identity element 0; 

(2) (5, .) is a commutative monoid with identity element 1 7^ 0; 

(3) Multiplication distributes over addition, i.e. a{b + c) = ab + ac for all a,b,c G S; 

(4) The element is the absorbing element of the multiplication, i.e. ^•.O = for all 
seS. 

A nonempty subset / of a semiring S is said to be an ideal of 5, if a + Z? G / for all a, Z? G / 
and sa E I for all 5 G 5 and a E I. Similar to the ideal theory of commutative rings, it is 
easy to see that if ai,a2j - ■ ■ ,a„ E S, then the finitely generated ideal (ai,a2, ■ • • T<^n) of S 
is the set of all linear combinations of the elements ai , a2, ■ " " j<^n, i-e. 

(ai,a2,--- = {^1^1+ 526(2 H l-s^a^ : Sl,S2,--- ,Sn ES}. 

A nonempty subset P of a semiring S is said to be a prime ideal of S,if P ^ S is an ideal 
of S such that ab E P implies either a E P or b E P for all a,b E S. 

An ideal / of a semiring S is said to be subtractive, if a + b E I and a E I implies b E I 
for all a,b E S. We say that a semiring S is subtractive if every ideal of the semiring S is 
subtractive. 

Now let (M, +,0) be a commutative monoid. The monoid M is said to be an 5- 
semimodule if there is a function, called scalar product, X : S x M — > M, defined by 
A (5, m) = sm such that the following conditions are satisfied: 

(1) s{m + n) = sm + sn for all 5 G 5 and m,nEM; 

(2) {s + t)m — sm + tm and {st)m = s{tm) for all sj E S and m E M; 

(3) 5.0 = for all 5 G 5 and O.m = and 1 .m = m for all m E M. 

A nonempty subset of an 5-semimodule M is said to be an 5-subsemimodule of M, 
if m + n E N for all m,n E N and sn EN for all 5 G 5 and n E N. Similar to module theory 
over commutative rings, it is, then, easy to see that if mi , m2, ■ ■ ■ , m„ G M, then the finitely 
generated 5-subsemimodule (mi , m2, ■ ■ ■ , m„) of M is the set of all linear combinations of 
the elements mi , m2, ■ ■ ■ , m„, i.e. 

(mi,m2, - ■• ,mn) = {simi+S2m2-\ h5„m„ : si,S2,---Sn E S}. 

Note that if / is an ideal of the semiring S and is an 5-subsemimodule of M, the set 
IN = {simi+ S2in2 H 5„m„ : Si E 5, m, G M, « G N} is also an 5-subsemimodule of M. 

An 5-subsemimodule A'^ of an 5-semimodule M is said to be subtractive if m,m + n E N 
for all m,n E M implies n EN. We say that an 5-semimodule M is subtractive if every 
5-subsemimodule of M is subtractive. One can easily check that if every 2-generated 
5-subsemimodule of the 5-semimodule M is subtractive, then M is a subtractive semi- 
module. Subtractive semimodules and semirings play a central role in this paper. 
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Though the above definitions are rather standard, but we brought them here to close the 
window of possible ambiguities. 

In the first section of the present paper, we prove that if 5 is a semiring and M is an 
5-semimodule, then M is a subtractive 5-semimodule if and only if for all / G S[X] and 
g G M[X], there exists an m E Nq such that 

cif)"'+'cig)=c{frc{fg), 

where m < deg{g) and by c{g), we mean the 5-subsemimodule of M generated by coeffi- 
cients of g. The case M = 5 is of our special interest. 

Though subtractive semirings include rings and bounded distributive lattices and is a 
large and important class of semirings, but we also show that there are many semirings that 
Dedekind-Mertens content formula does not hold for them. For example if we consider 
the idempotent semiring S = {0, 1,m}, where I + u = u + I = u, the polynomials / = 
I + uX and g = u+X of S[X] do not satisfy Dedekind-Mertens content formula, i.e. 
ci/r^'cig) ^ c{fg)c{fr and c{fr+'c{g) ^ c{fg)c{fy" for all m G Nq. 

Similar to Gaussian rings (cf. HACH ), we define a semiring S to be Gaussian, if for 
all G S\X], we have c{fg) = c{f)c{g). Section 2 of the present paper is devoted to 
Gaussian semirings. Especially in this section, we prove that every bounded distributive 
lattice is a Gaussian semiring. 

Section 3 is devoted to weak Gaussian semirings, i.e. those semirings that the content 
formula c{f)c{g) C ^/c{fg) holds for all G S[X]. Actually in this section, we prove 
that if 5 is a semiring, then the following statements are equivalent: 

(1) 5 is a weak Gaussian semiring, 

(2) a/7 is subtractive for each ideal / of the semiring S, 

(3) Each prime ideal p of 5 is subtractive. 

Later in section 3, we construct a semiring that is a local and a weak Gaussian semiring, 
i.e. c{fg) C c{f)c{g) C ^Jc{fg) for all f,gE S[X], but still not a subtractive semiring. 
Note that the radical of an ideal / of a semiring S, denoted by is defined as the set 

^^I = {seS■.3nen{s" el)}. 

In section 4, we introduce the concept of content semimodules that is a generaliza- 
tion of the concept of content modules introduced in [OR] . We also bring some routine 
generalizations of the theorems on content modules, though we do not go through them 
deeply. Actually it was possible to ask the reader to refer to the papers HORL HESI and 
||RJ to see the process of configuring (weak) content algebras from content modules and 
model them to configure (weak) content semialgebras from content semimodules, but we 
thought it was a good idea to bring the sketch of the process for the convenience of the 
reader. Note that the reader who is familiar with content modules, may skip this section 
without losing the flow. 

Let 5 be a semiring and M an 5-semimodule. The content function, c from M to the 
ideals of S is defined by 

Cm W = I is an ideal of S and x G IM}. 

M is called a content S-semimodule if x G cm{x)M, for all x G M. 
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In fact it is easy to see that the statement "M is a content 5-semimodule" is equivalent 
to the statement "there exists a function d : M — > Id(5') such that x E IM iff d{x) C I for 
all ideals / of 5". Note that cm{x) is a finitely generated ideal of S for all x e M, if M is a 
content 5-semimodule. Therefore if M is a content S-semimodule, then the function c is 
from M to Fld(S), where by FId(5'), we mean the set of finitely generated ideals of S. 

Section 5 is devoted to the concept of "content semialgebras" as a generalization of 
polynomials over semirings and applications of Dedekind-Mertens content formula. For 
the reader's convenience, first we bring the definition of semialgebras and then we explain 
what we mean by content semialgebras: 

Let S and B be two semirings and X : S — y 5 be a semiring homomorphism in this 
sense that A is a function from S into B with the following properties: 

( 1 ) A (r + 5) = A (r) + A (5) and A {rs) = A (r) A (5) for all r,s E S; 

(2) A(0) =OandA(l) = 1. 

Then we define the scalar product ofseS and / e as s.f — A {s)f. It is easy to check 
that with the mentioned scalar product, B is an S'-semimodule such that s. (fg) = {s.f)g = 
f{s.g) for all G S and f,geB. In this case we say that B is an S-semialgebra. Note that 
if / is an ideal of S, then A (/) may not be an ideal of B. For this reason, the extension of 
7 in 5 is defined as the ideal of B generated by A (/) and is denoted by IB. One can easily 
check that IB = {l^l^^aifi : a,- e /, fi eB,ieN}. 

Let B be an S-semialgebra. We say that 5 is a content S'-semialgebra if the homomor- 
phism A is injective (i.e. we can consider S as a subsemiring of B) and there exists a 
function c : B — > Id(5) such that the following conditions hold: 

(1) / e 75 iff c(/) C I for all ideals I of S; 

(2) c{sf) = sc{f) for all 5 e 5 and / e 5 and c{l)=R; 

(3) (Dedekind-Mertens content formula) For all f,gEB there exists an m e No such 
that c{fr+'c{g) = c{frcifg). 

In section 5, we discuss prime ideals of content semialgebras and we show that in 
content extensions, minimal primes extend to minimal primes. More precisely, if 5 is a 
content 5-semialgebra, then there is a correspondence between Min(5) and Mm{B), with 
the function (p : Min(S) — > Min(5) defined by p — )■ pB. As a corollary of this fact, 
we also show that Nil(5) = Nil(S')5, where by Ni^S) we mean the set of all nilpotent 
elements of the semiring S. 

In the continuation of our investigation for prime ideals, in section 6, we prove that 
if 5 is a semiring and A, A are two index sets such that AU A 0. Then the following 
statements are equivalent: 

(1) cifg) C c(/)c(g) C for all f,ge S[Xa,Xa-'], 

(2) a/7 is subtractive for each ideal I of the semiring S, 

(3) Each prime ideal p of 5 is subtractive. 

This inspire us to define weak content semialgebras. In the rest of this section we work 
on formal power series over semirings and get a bunch of nice results for them. One of 
the nice results of this section is that if 5 is a Noetherian semiring, then the following 
statements are equivalent: 

(1) ^[[XijZa, • • • ,Z„]] is a weak content S'-semialgebra, 
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(2) -\/7 is subtractive for each ideal / of the semiring S, 

(3) Each prime ideal P of 5 is subtractive. 

Sections 7 and 8 are devoted to the investigation of zero-divisors of semiring polyno- 
mials and more generally content semialgebras. Most results of these two sections are 
generalizations of the author's results in the paper UNaL In fact we believe that the in- 
teresting results obtained in sections 1 till 6 are enough backgrounds to justify what we 
execute in sections 7 and 8. Now in the following, we describe what we do in these two 
sections briefly: 

An element s E S is said to be a zero-divisor of the semiring S, if there exists a nonzero 
s' such that ss' = 0. The set of all zero-divisors of the semiring S is denoted by Z(5) . 

In section 7, we introduce a family of semirings which have very few zero-divisors. It is 
a well-known result that the set of zero-divisors of a Noetherian semiring is a finite union 
of its associated primes. Rings having very few zero-divisors have been investigated in 
UNaL We define that a semiring S has very few zero-divisors, if Z(5) is a finite union of 
prime ideals in Ass (5). In this section, we prove that if 5 is a semiring that has very few 
zero-divisors and 5 is a content i?-semialgebra, then B has very few zero-divisors as well 
and if the semiring S is weak Gaussian, then the inverse of the recent statement also holds. 

Another celebrated property of Noetherian semirings is that every ideal entirely con- 
tained in the set of their zero-divisors has a nonzero annihilator. In section 8, we define 
a semiring S to have Property (A), if each finitely generated ideal / C Z(5) has a nonzero 
annihilator. This definition is borrowed from the definition of Property (A) for rings in 
[|HKJ. In the last section of the present paper, we prove some results for content semial- 
gebras over semirings having Property (A). 

An element r of a ring R is said to be prime to an ideal / of i? if / : (r) = /, where by 
/ : (r), we mean the set of all elements d of R such that dr E I [|ZS[ p. 223]. Let / be an 
ideal of R. We denote the set of all elements of R that are not prime to / by 5(7). It is 
obvious that r E 5(7) iff r + 7 is a zero-divisor of the quotient ring 7?/7. The ideal 7 is said 
to be primal if 5(7) forms an ideal and in such a case, 5(7) is a prime ideal of 7?. A ring 7? 
is said to be primal, if the zero ideal of 7? is primal HDauL It is obvious that 7? is primal iff 
Z(7?) is an ideal of 7?. This motivates us to define primal semirings. We define a semiring 
5 to be primal if Z(5) is an ideal of 5 and we prove that if 5 is a content 5-semialgebra 
and the content function c : B — > FId(5) is onto, then B is primal iff 5 is primal and has 
Property (A). We finish our paper by generalizing this result in the following sense: 

We define a weak Gaussian semiring 5 to have few zero-divisors, if the set Z(5) of 
zero-divisors is a finite union of prime ideals. Suppose for the moment that 5 is a weak 
Gaussian semiring such that it has few zero-divisors. One can consider Z(5) = U"^^p,- 
such that p,- ^ U"^^^y_^-Py for all I <i<n. Obviously we have p,- ^ py for all i ^ j. Also, 
by using Prime Avoidance Theorem for semirings, it is easy to check that, if Z(5) = U"^jP,- 
and Z(5) = U^^^q^ such that p,- ^ p^ for all i ^ j and ^ q^ for all k ^ I, then m = n 
and {Pi, ■ ■ ■ ,p„} = {qi, ■ ■ ■ ,q„}, i.e. these prime ideals are uniquely determined. This is 
the base for the following definition: We say a weak Gaussian semiring 5 has few zero- 
divisors of degree n, if 5 has few zero-divisors and n is the number of maximal primes 
of Z(5). In such a case, we write zd(5) = n and we prove that if 5 is a weak Gaussian 



6 



PEYMAN NASEHPOUR 



semiring and 5 is a content 5-semialgebra and the content function c : B — > FId(5) is 
onto, then zd(5) = n iff zd(5) = n and S has Property (A). 

Throughout this paper all semirings are commutative with an identity and all semimod- 
ules are assumed to be unitary, though we have asserted this from the beginning. Note 
that iff always stands for if and only if. 

1. Dedekind-Mertens Content Formula for Semimodules over 

Semirings 

Let 5 be a semiring and X be an indeterminate. The set of all polynomials over the 

semiring S, denoted by S[X], is the set of all formal forms ao + a\X H h a„X", where 

ao,ai, • • • ,a„ e 5. Similar to ring theory, S\X] is a semiring under the usual addition 
and multiplication of polynomials. In the same way, if M is an S'-semimodule, one can 
consider M\X] as an 5[Z]-semimodule under the standard addition and scalar product. 

For g G M[X], we define the content of g, denoted by c{g), the 5-subsemimodule gen- 
erated by the coefficients of g, particulary if ^ is a monomial, say g = bX'" where b E M 
and m E Nq, then the content of g is the cyclic 5-subsemimodule c{g) = (b). 

If g = bo + b\X H h b,nX"\ where bQ,b\,- ■ ■ ,b,n E M and bm 7^ 0, then we say that g 

is a polynomial of degree m and denote the degree of g by deg^ = m. A similar definition 
works for the degree of polynomials over semirings. 

The purpose of this section is to give some content formulas for polynomials over 
semimodules and semirings. Later we will see the importance and applications of such 
formulas in the theory of semimodules and semirings. 

First we gather some straightforward content formulas in the following proposition 
only for the sake of reference. 

Proposition 1. IfS is a semiring and M is an S-semimodule and s E S, m E M, f,fi,f2 E 
S[X] and g,gi,g2 E M[X], then the following formulas hold: 

(1) +/2) C c(/i) +c(/2) andc{gi +g2) C ^gi) +c{g2); 

(2) c(/i/2) C c(/i)c(/2) andcifg) C c{f)c{g); 

(3) If either f or g is monomial (say f = sX" or g = mX^), then c{fg) = c{f)c{g), 
particularly c{sf) = sc{f) and c{fm) = c{f)m. 

Consider that though the formula c{fg) = c{f)c{g) for f,gE S[X] is not always true 
for an arbitrary semiring S, a weaker formula always holds for commutative rings that is 
called Dedekind-Mertens content formula [jAGJ. We prove the same formula in the fol- 
lowing theorem, which is a generalization of Theorem 1 in [|AG|| . We use essentially the 
same argument and generalize Dedekind-Mertens content formula for subtractive semi- 
modules and semirings. 

Theorem 2. Dedekind-Mertens Lemma for Semimodules. Let S be a semiring and M be 
an S-semimodule. Then the following statements are equivalent: 

(1) M is a subtractive S-semimodule, 

(2) ForallfES[X] andgEM[X], ifdcg{g)=m, then c{fy^+'c{g) = c{fY'c{fg). 

Proof (1) ^ (2): By Proposition[Il c{fg) C c(/)c(g), therefore c(/)™c(^) C c{f)"'+^ c{g) . 
We prove that c{fy"^^c{g) C c{f)"^c{fg) by induction on m and n, the degrees of g and 
/ respectively. 
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If / is a monomial; say / = (2„Z" and g = bo + b\X H h bmX'", then by Proposition 

1, c{f )"^c{fg) = c(/)'"+^c(^). For the same reason, if ^ is a monomial, say g = b^X"^ 

and f = ao + aiX -\ h a„X", then again by Proposition 1, we have the same result: 

c{f)'^c{fg) — c(/)'"+^c(g). This means that if either / or g is a monomial and as a 
particular case, if either f or g has degree zero, then the theorem is true. 

By induction we may suppose the following statements: 

(I) If deg/ = n < r and degg = m, then c{f)"'+^c{g) C c{f)"'c{fg). 
(II) If deg/ = r and degg = m<s, then c{f)'"+^c{g) C c{f)"'c{fg). 

Now let / = aQ + aiX-\ h^r^'^, ar^O, g = bo + biX-\ l-b.^X", b^ ^ 0, and assume 

that neither / nor g is a monomial. Then we wish to prove that c{fy^^c{g) C c{fyc{fg). 

hQtfi^ao + aiX + ---+ar-iX'-\gi=bo + biX + --- + bs-iX'-Kh = fg,hi=fig 
and h2 = fgi. It is, then, clear that we have the following: 

(1) h = ^+QCfeZ*^, where q = Y.i+j=k(^ibj, for < A; < r + s; 

(2) hx = I^t'o-i C^(1)Z^ where = c;^ for < ^ < r - 1 and q^^) + oA-r = Q 
for r<k<r + s — I. 

(3) h2 = Lltfo~^ Ck^^^xK where = for < A: < 5 - 1 and Cfc(2) + Uk-^bs = Q 
for 5 < ^ < r + s— 1. 

We claim that c{fig) C c{fg) +arc{gi). The proof is as follows: 

Obviously c(/ig) =c(/zi) = {co^^\--- ,Cr+s-i^^^) mdc{fg)+arc{gi) = {cq,--- ,Cr+s) + 
(ur) {bo,-- - 1 bs- 1 ) and in order to prove that c{f\g) C c{fg) + arc{gi), we just need to 
prove that c^t*^^-* ^ (co? ■ " " 7^^+^) + (^^r)(^07 ■ ■ ■ for all < < r + 5— 1. 

If < A: < r — 1, then Ck"^^ = Ck and therefore there is nothing to prove. Let for the 
moment r<A:<r + 5— l,soitis clear that Urb^^r ^ c{fg) + ^rc{gi) ■ On the other hand 
c{fg) + arc{gi) is a subtractive S'-subsemimodule of M. Hence, from Ck^^^ + Urbk-r — Q, 
we get that c^^^^ e c{fg)+arc{gi). In a similar way, we can easily prove that c{fg\) C 

C{fg) + C{h)bs. 

Since c(/)'^+^c(g) is generated by elements of the form a = ao"°ai"' ■ ■■a^'bi, where 
Ylj^Q nj = s+ \ and 0<i<s,'\i suffices to show that each element of this form is contained 

in c{fyc{fg). Ifur^O and i — s, then a — ao"°ai"' ■ - -a/'^^Cr+s, since Cr+s — ^rbs- But 
Cr+s e c{fg), so that a e c{f)"c{fg). If 7^ and / < s, then a e c(/)*(ar)c(gi). In the 
case Hr = 0, we have a e c(/i)*+^c(g). Therefore, 

c(/)^+^cU) C c{fyc{g)+c{f,y+'c{g)+c{fy{ar)c{gi). 

By(I),c(/i)^+ic(g)Cc(/i)^c(/ig). 

On the other hand we have seen that c{f\g) C c{fg) + arc{g\). Consequently, we have 

c{hy+'c{g) C c{hyc{fg) + c{hy{ar)c{g,) C c(/)-V(/g) +c(/)-^(a,)c(gi). 
Thus, c(/)^+ic(g) C c(/)^c(g) + c(/)^(fl,)c(gi). 
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By (II), if A = deg^i, then c{f)^+^c{gi) C c{f)^c{fgi). Since A < ^ - 1, we have 
cifYcigi) C c{fy^^c{fgi). But we have also seen that c{fgi) C c{fg)+c{fi)bs so that 

cifYiaMsi) ^ c{fy-\ar)c{fg)+c{fy-'c{f,)iar){b,) 

c cifycifg)+c{fy-'cifO{cr+s) c ci/ycifg). 

Therefore, c{fy^^c{g) C c{fyc{fg), as we wished to prove. It now follows by induc- 
tion that if deg^=m, then c(/)'"+ic(^) Cc(/)'"c(/^). Hence, c(/)'"+ic(^) =c(/)'"c(/^) 
and the proof of (1) — )■ (2) is complete. 

(2) — (1): Let N be an S-subsemimodule of M. Take m,v G M such that u + v,u EN. 
Define f = \ + X and g = v + uX + vX^. It is easy to see that fg = v + {u + v)X + 
{u + v)X^ + vX^, c{f) = S, c{g) = (m,v) and c{fg) = (m + v,m). But according to our 
assumption, Dedekind-Mertens content formula holds and therefore there exists an m G 
No such that c{f)'"^^c{g) = c{f)"^c{fg). This means that (w, v) = (w + v, w), which implies 
V G (m + V, m) C and is subtractive. □ 

In the above theorem if we suppose M = 5, we get the following: 

Theorem 3. Dedekind-Mertens Lemma for Semirings. Let S be a semiring. Then the 
following statements are equivalent: 

(1) S is a subtractive semiring, 

(2) Iff,g G S[X] andd^g{g) = m, then c{f)'^+'c{g) = c{frc{fg). 

Our next task is to prove Dedekind-Mertens content formula for polynomials with 
finitely many indeterminates. To do this, first we introduce the concept of the support 
of a polynomial. Let / be a polynomial, the support of /, denoted by supp(/) is the set 
of all nonzero coefficients of /. Now we show a nice result that is a generalization of 
Lemma 2 in fiAGJ . We use a similar technique that is given in the proof of the Lemma 2 

inm. 

Lemma 4. Let Xi, - ■ ■ ,Xn,Y be n + 1 distinct indeterminates over the semiring S and M 
be an S-semimodule and f G S[Xi, ■ ■ ■ ,X„,Y] — {0} and g G M[Xi, ■ ■ ■ ,Xn,Y] — {0} be 
polynomials. Then there exist f* G 5[Xi, ■ ■ ■ ,X„] — {0} andg* G M[Xi, • • • ,Xn] — {0} such 
that supp(/) = supp(/*), supp(^) = supp(^*) and supp(/g) = supp(/*^*). 

Proof. Let h{Xi, ■ ■ ■ ,X„,y) be a nonzero polynomial of n -|- 1 indeterminates. We write 
h as a polynomial in Y with coefficients ho, - ■■ ,hi to be polynomials of n indeterminates 
Xi, • • ■ ,Xn, i.e. h = Y!i=ohiY', and we denote by deg„/z the degree of h in X„, which is 
equal to the maximum of the degrees of the hj's in We observe that if m > deg^^h, then 
the coefficients of h*{Xi,--- = Z^=ohiX'"' are the same as the coefficients of h, 

because ifO<i<k and hi ^ 0, then deg„ hi < m so that mi < deg„ /3 < m(z + 1 ) for any 
nonzero monomial /3 of hiX„'"\ Therefore, the nonzero monomials appearing in hiXn'"' 
are distinct from those appearing in hjXn"^^ for i ^ j. It follows that h and h* have the 
same support. 

We choose m = degnf + degng+ 1. Then m > deg„/, m > deg,^^ and m > deg„/^. It 
is easy to see that {fgY = f*g* where by /*, we mean the mapping 

* : h{Xu ■ ■ ■ ,X„,y) h* = h{Xu ■ ■ ■ ,X„,X„'") 
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from M[Xi, ■ ■ ■ ,X„,y] ■ ■ ■ ,X„,y]) onto M[Xu ■ ■ ■ ■ ■ ■ From all we 

said we conclude that supp(/) = supp(/*), supp(g) = supp(^*) and supp(/^) = supp(/*^*) 
and the proof is complete. □ 

Now we bring a generalization of Dedekind-Mertens content formulas for polyno- 
mials with finitely many indeterminates. Note that if M is an 5-semimodule and g E 
M[Xi,X2, ■ ■ ■ ,Xn\ is a polynomial with n indeterminates, then the content of g, denoted by 
c{g), is the 5-subsemimodule of M, generated by its coefficients. 

Theorem 5. Let S be a semiring and M be an S-semimodule. Then M is a subtractive 
S-semimodule iff for all f E S[Xi, - ■ ■ ,X„] and g G M[Xi, ■ ■ ■ there exists an m eNq 
such that c{fr+'c{g) = ci/rcifg). 

Proof. (— >): The proof is by induction. For n = I, the result follows from Theorem [2l 
If the result is true foTn = k and / E S[Xi,- ■ -Xi^.Xi^^i] and g E ■ ■ -Xi^.Xi^^i], then 

without loss of generality, we may assume that both / and g are nonzero polynomials 
and Lemma|4]implies the existence of /* E S[Xi,- ■ ■ and g* E M[Xi,- ■ ■ such that 
c(/) = c(/*), c{g) = c{g*) and c{fg) = c{f*g*). It, then, follows from the induction 
assumption that there exists an m G Nq such that c{f)'"^^c{g) = c{f)'^c{fg). 

The proof of (^) is similar to the proof of (2) — )■ (1) in Theorem [2l □ 

Let for the moment A and A be index sets. Put M[X/^,Xjsr^] to be the union of all Lau- 
rent polynomials M[X;tir-- ,^An,^5^^■■■ ,Xdm^\ where Ai,-- - ,A„ G A, - ,5„ G 
A and n,mE N. We have the following: 

Theorem 6. Let S be a semiring, M be an S-semimodule and A, A be two index sets such 
that AU A 7^ 0. Then M is a subtractive S-semimodule iff for all f E S[X\jX/^^^] and 
g E M[Xa,Xa"^], there exists anmE^o such that c{fY'+^c{g) = c{f)"'c{fg). 

It is natural to ask when c{fg) = c{f)c{g) holds for all f,gE S\X], where 5 is a semir- 
ing. The next section is devoted to this question. 

2. Gaussian Semirings 

Let, for the moment, i? be a commutative ring with identity. By definition, the ring R is 
said to be Gaussian, if c{fg) = c{f)c{g), for all f,gE R[X] ( HACl ). Similarly we define 
Gaussian semirings: 

Definition 7. A semiring S is called Gaussian if c{fg) = c{f)c{g) for all polynomials 

f.gesix]. 

Note that by Theorem|3l a Gaussian semiring S needs to be subtractive. In this section, 
we give some of conditions that cause a subtractive semiring to be Gaussian. A well- 
known theorem in commutative ring theory states that if every finitely generated ideal of 
a ring R is principal, then the ring R is Gaussian ( HACID . In the following we show that 
a semiring S is Gaussian if every finitely generated ideal of the semiring S is principal 
generated by the sum of its generators. One of the interesting corollaries of this theorem 
is that every bounded distributive lattice is a Gaussian semiring. 

Theorem 8. Let S be a semiring such that {ai,a2, - ■ ■ ,an) = (fli + fl2 H \-cin) for all 

elements a\,a2, - ■ ■ ,an E S. Then S is a Gaussian semiring. 
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Proof. Consider the polynomials f,gE S[X] such that f = ao + aiX H h a„X" and 

g = bo + biX H \-bmX"^. According to the definition of multiplication in polynomial 

semirings, fg = cq + ciX ^ h Cn+mX"^"", where q = «o^yt H K aibk-i H akbo. 

Now observe that c(/^) = (co,ci,-- - ,c„+„) = (cq + ci H hc„+^) = ((ao + ai H h 

«n)(^o + ^i H t-^m)) = (ao + ai H ha„)(Z?o + ^i H \-b,n) = c{f)c{g) and the 

proof is complete. □ 

Theorem 9. Every bounded distributive lattice is a Gaussian semiring. 

Proof. Let (L = [0, 1], +, .) be a bounded distributive lattice. Obviously (L, +, .,0, 1) is a 

semiring. Now we show that (ai,a2, ■ ■ ■ = (ai + ^2 H Since a,- = + 

6(2 H Van), vividly a,- G (fli +02 H V'^n) and therefore ai,a2, • " ■'^n ^ (ai +6(2 H 1- 

an). Obviously a\+a2^ Van G (ai,a2, ■ " " 

Examples of bounded distributive lattices consists of Boolean semiring ({0, 1}, + , .), 
power set lattice {P{A) , U, fl), bottleneck semiring (M U {—0°, +0°}, max, min) and fuzzy 
semiring (I = [0, 1] , max, min) . 

An i?-module M is said to be distributive if A n (5 + C) = (A n 5) + (A n C) for all 
A,5,C e Subi;(M), where by Sub/;(A/) we mean the set of all 7?-submodules of M ([fC|). 
One can easily see that if M is a distributive 7?-module, then (Sub/;(A/), +, fl) is abounded 
distributive lattice and another interesting example for Theorem |9l 

A semiring (5, +, ., 0, 1) is called zerosumfree ii a + b = implies a = b = for all 
a, Z? e 5. A semiring F is said to be a semifield if F is a semiring that any nonzero element 
of F has a multiplicative inverse, i.e. for each 5 G F — {0} there exists an s^^ such that 
ss-^ = 1. 

Let X be a nonempty set and 5 be a semiring. Over the set of all functions from X to 
S, denoted by F{X,S), we define addition and multiplication as {f + g){x) = f{x) -\- g{x) 
and {fg){x) — f{x)g{x). One can easily check that F{X,S) with the mentioned addition 
and multiplication is a semiring. The following example is another interesting corollary 
of Theorem [8l 

Example 10. If X is a nonempty set and 5 is a zerosumfree semifield, then F{X,S) is a 
Gaussian semiring. 

Proof. We show that if ai,a2, • ■ ■ i<^n^F{X,S) then (ai,a2, ■ " " I'^n) = {ai+a2-\ Van). 

For doing so, we just need to prove that a,- G (ai + a2 H V an). We define bi G F(X, 5) 

in the following way: 

bi{x) = ai{x)/ai{x) +a2{x) H Van{x) if a,(x) 7^ and bi{x) = if ai{x) = 0. Note 

that ai (x) + a2{x) H Van{x) 7^ if a,(jc) 7^ for all x eX. It is, then, easy to see that 

bi{ai+a2-\ Van) = ai and therefore a,- G (ai +^2 H Van). □ 

Theorem 11. Let (5, +,0, <) be a totally ordered commutative monoid such that is 
the least element of S and for all a,b E S, if a < b, then there exists an x E S such that 
a + x = b. Then (5U {+oo},min, +) is a Gaussian semiring. 

Proof. For the simplicity, we let = 5 U We claim that for ai , a2, ■ ■ ■ , a„ G i?, we 

have 

(ai,a2,--- = [min{ai,a2, ■ ■ • 
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where by the interval [c, d] , we mean the set of all x G i? such that c <x<d. 

By definition, (ai,a2,--- ,an) = {min{ri +ai, r2 + 02, ■ ■ ■ + : '"i,'"2,--- &R}- 
Put / = (ai , ^2, • ■ ■ 5 and let a^t = min{ai , a2, ■ " " 7 '^n} and assume that rj^ER and ri = 
• • • = r^_i = r^t+i = ■ ■ ■ = ?";3 = +°°. Then it is obvious that min{ri + ai,r2 + aj,- ■ ■ ,r„ + 
cin} = rk + cik- Therefore / C [a^, +00]. On the other hand let s E [a^t, +°°], so there exists 
X E R such that ak + x = s and therefore s E I. 

But [min{(3i,a2, ■ ■ • ,cin}, +°°] is the principal ideal (min{ai,a2, • ■ ■ ,an}) of R. There- 
fore according to Theorem[8l 7? is a Gaussian semiring and the proof is complete. □ 

Corollary 12. The tropical semiring (No U {+0°}, min, +, +00, 0) is a Gaussian semiring. 

We end this section by bringing two well-known family of Gaussian semirings inspired 
by their ring versions. Note that a semiring (5, m) is said to be a local semiring if the ideal 
m is the only maximal ideal of the semiring S. 

Proposition 13. Let {S,m) be a local and subtractive semiring with — 0, then S is a 
Gaussian semiring. 

Proof. Let f,gE S[X] such that c(/) C m and c{g) C m, then c{fg) C c{f)c{g) = (0), 
otherwise one of them, say c(/), is equal to S and according to Dedekind-Mertens content 
formula, we have c{fg) = c{g) = c{f)c{g). □ 

Let 5 be a subtractive semiring, then by Dedekind-Mertens content formula, for f,gE 
S[X], there exists an m G Nq such that c{f)"''c{fg) = c{f)"^c{f)c{g). Therefore if we can 
cancel c(/)'" from both sides of the formula, then we reach to c{fg) = c{f)c{g) . This can 
be a good motivation to define cancelation ideals as follows: 

Definition 14. A nonzero ideal / of the semiring S is said to be cancelation if IJ — IK 
implies 7 = ^ for all ideals J,K of S. 

For example the principal ideal (a) is cancelation if a is a nonzero cancelation element 
of the semiring S, i.e. ab = ac implies b = c for all elements b,c eS. 
From this discussion, we have the following: 

Proposition 15. Let S be a subtractive semiring. If every nonzero finitely generated ideal 
of the semiring S is cancelation, then S is a Gaussian semiring. 

Note that not all subtractive semirings are Gaussian as the following example shows: 

Example 16. Let = Z 2/Z and / = ^ = 2i + 2X. Then it is easy to check that c{fg) = 
(4), while c(/)c(^) = (4,4/) and therefore i? = Z + 2?Z is not Gaussian. Obviously i? is a 
subtractive semiring, since i? is a ring. 

3. Weak Gaussian Semirings 

In the previous section, we gave a bunch of families of Gaussian semirings. Particularly 
we saw that all bounded distributive lattices are examples of Gaussian semirings. On the 
other hand, let us remind that c{f)c{g) C ^/c{fg) holds for all f,gER[X],ifR is an 
arbitrary commutative ring (refer to [E, Exercise 3.4] and for a generalization of that refer 
to BEI). In fact it is easy to see that by Theorem[3]the content formula c{f)c{g) C ^/c{fg) 
holds for all G if 5 is a subtractive semiring, where by the radical of an ideal / 
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of a semiring S, denoted by y/l, we mean the set y/l = {seS:3ne N{s" G /)}. Actually 
there are some non- sub tractive semirings that this content formula does not hold for them. 
We give the first example of such semirings in the following: 

Example 17. Consider the idempotent semiring S = {0, 1,m}, where I + u = u + I = u 
{%.\). Put / = 1 + and ^ = M + X. It is easy to see that = (I + uX){u + X) = 
u + uX + uX^, c{fg) = {0, u} and c{f)c{g) = S while ^/c{fg) = y^{0,u} = {0, u} and 
this means that c{f)c{g) ^ ^/c{fg). 

From all we said we are inspired to give the following definition: 

Definition 18. Let 5 be a semiring. We say the semiring S is a weak Gaussian semiring, 
if c(/)c(^) C for all f,geS[X]. 

An immediate consequence of the above definition is that if 5 is a weak Gaussian 
semiring and \/l = I for any ideal / of the semiring S, then 5 is a Gaussian semiring. For 
example let C = {0, w, 1 } be a chain such that < m < 1 . We define a®b = uii a = b = 1, 
otherwise a ©Z? = max{a,Z?}. One can check that (C, ©,min,0, 1) is a subtractive semiring 
with the set of ideals Id(C) = {{0}, {0, m},C}. Therefore C is a weak Gaussian semiring. 
On the other hand for each ideal / of C, we have y/l = I,so c{fg) C c{f)c{g) C ^/c{fg) = 
c{fg) and this means that C is, in fact, a Gaussian semiring. 

Now if we denote the set of all prime ideals of S containing / by Specy(5), then similar 
to commutative ring theory and by using Zom's lemma, it is easy to prove that a/7 = 
npeSpec;(5) P- We use this to prove the following interesting theorem: 

Theorem 19. Let S be a semiring. Then the following statements are equivalent: 

( 1 ) S is a weak Gaussian semiring, 

(2) y/l is subtractive for each ideal I of the semiring S, 

(3) Each prime ideal p ofS is subtractive. 

Proof. (1) — )■ (2): Suppose / is an ideal of S and a,b E S such that a + b,a E a/7. We 
need to show that b E \fl. Let X be an indeterminate over the semiring 5 and put / = 
a^bX wid.g = b + {a^b)X. We have fg = ab+ {a^ +ab + b^)X + {ab + b^)X^ and so 
cifg) C Vl. Since c{f)c{g) C ,/^, we have c{f)c{g) C Vl. But c(/) = {a,b) and 
c{g) ^ {a + b,b). So b^ E \^ and therefore bE^fl. 

(2) — > (3) is obvious. 

(3) — )• (1) Let each prime ideal p of 5 be subtractive. We need to show that c{f)c{g) C 
\Jc{fg), for all f,gE S[X]. Let f,gE S[X] and suppose that p is a prime ideal of S 
and c{fg) C p. Obviously fg E p[X]. But by a celebrated theorem in semiring theory, 
i.e. BGI Proposition 7.18] - which says that if p is an ideal of a semiring S and X is an 
indeterminate over 5, then p[X] is a prime ideal of S\X] iff p is a subtractive prime ideal 
of S - the ideal p[X] is a prime ideal of S[X] and so either / G p[Z] ox g E p[X] and 
this means that either c(/) C p or c{g) C p and in any case c{f)c{g) C p. Consequently 

C{f)c{g) C npeSpec,(^^)(5) P = ^C{fg). □ 

From all we have seen until now, we know that all subtractive semirings are weak 
Gaussian. We also know that the non- subtractive semiring mentioned in Example [l7] 
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is not a weak Gaussian semiring. The question may arise if there is a weak Gaussian 
semiring that is not subtractive? Actually in Proposition[2Tl we give some weak Gaussian 
semirings that are not subtractive. 

Let us remind that if (M, +, 0) is a commutative monoid, then a subset N of M is said 
to be a submonoid of M if G A'^ and m + n G N for all m,n E N . A submonoid N is said to 
be subtractive if m + n,m E N implies n E N for all m,n EN. A monoid M is subtractive 
if all its submonoids are subtractive. 

Proposition 20. Let [P, +, 0) be a commutative monoid and set S = PU {I}. Let extend 
addition on S as a-\-l = \ for all a E S and define multiplication over S as ab = Ofor all 
a,b E P and a.l = l.a = a for all a E S. Then the following statements hold: 

(1) (5, +, .,0, 1) is a semiring and P is the only maximal ideal of the semiring S with 
P^ = (0); 

(2) S is a weak Gaussian semiring; 

(3) I S is a subtractive ideal ofS iff I is a subtractive submonoid of P for all I C P; 

(4) S is a subtractive semiring iffP is a subtractive monoid; 

(5) S is a Gaussian semiring iffP is a subtractive monoid. 

Proof. (1), (3) and (4) are straightforward. We only prove (2) and (5). For proving (2), 
first we prove that the only prime ideal of S is P. Suppose 2 is a prime ideal of S. By 
definition of multiplication, s^ = for all s ^ I, so s^ E Q. But Q is prime and therefore 
s E Q and this means that Q = P is the only prime ideal of S. One can easily see that P is a 
subtractive ideal of S and by Theorem [T9l 5 is a weak Gaussian semiring. By considering 
Proposition [T3l (5) is obtained from (4). □ 

Proposition 21. Let [T = [0, 1],<) be a chain with the least element and the most 
element I 0. We define addition "+" on T as a + b = max{a,b} and multiplication 
". " as a.b = if a < 1 and b < I and a.l = l.a = a for all a,b eT. Then the following 
statements hold: 

(1) (r, +, .,0, 1) is a semiring and m = T — {1} is the only maximal ideal ofT with 
m2 = (0); 

(2) T is a weak Gaussian semiring; 

(3) IfT has at most three element, then T is a Gaussian semiring; 

(4) If T has at least four elements, then T is not a subtractive semiring. 

Proof. (1) is straightforward and (2) is obtained from Proposition [201 We prove (3) and 
(4) as follows: 

(3) : If T has only two elements then T = B = {0, 1} is a bounded distributive lattice 
and by Theorem|9]a Gaussian semiring. If T — {0,m, 1}, then ideals of T are (0), {0, m} 
and T and each ideal of T is subtractive. But m = {0,m} is the only maximal ideal of T 
such that = (0) and therefore according to Proposition [131 T is Gaussian. 

(4) : Now let T have at least four elements. So we can choose a,b E T such that 
< a < Z? < 1 . Now consider the polynomials f = l+X and g = b + aX + bX^. It is easy 
to see that fg = b + bX + bX^ + bX^ and c(/) = T, c{g) = {0, a, b} and c{fg) = {0, b}. 
Hence c{fy'+^c{g) = {0, a, b}, while c{f)"'c{fg) = {0, b} for all m G Nq and by Theorem 
[3l this means that T is not a subtractive semiring. □ 
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We end this section by giving a couple of more examples of semirings that are not weak 
Gaussian. 

Example 22. Examples of semirings that are not weak Gaussian. 

(1) Note that the set R = U {0} = {jc e M : 1 < x < +00} U {0} with ordinary 
addition and multiplication of real numbers is a semiring. Let 5 be a subsemiring 
of R and set P = 5 — {1}. Then P is a prime ideal of S, since if a,b ^ P, then 
a = b = I and therefore ab = I, which means that ab ^ P. Let a E P — {0}. So 
a + 1 7^ 1 and therefore a+l E P, while I ^ P. Hence P is not subtractive and S 
is not weak Gaussian. From this, we get that the most popular semiring, i.e. the 
semiring of non-negative integers (Nq, +, .,0, 1) is not weak Gaussian; something 
that may not be expected at first sight! 

(2) Consider the Truncation semiring, i.e. the semiring (r^,max,min{a+Z?,fc}, — oo,0), 
where 1 < ^ and T/t = {—0°, 0, 1 , ■ ■ ■ ,k}. For simplicity, we set a © = max{a, b}, 
aQb = min{a + b,k},a^ = a and = a" a. Let / be an ideal of such that 
/ 7^ {— °°} and / 7^ T^. One can easily check that for each a E I — {—°°} , there exist 
an 1 < m < ^ such that a"^ = k. This means that kEl and a/7 =Tk — {0}. Consider 
that if a G / — {— °°}, then a © G / and a E I, while 0^7. Therefore \/l is not 
subtractive and according to Theorem[T9l T is not a weak Gaussian semiring. 

(3) Let z < n be positive integers. The semiring {B{nJ) = {0, 1, ■ ■ ■ ,n — 1}, ©, 0,0, 1) 
is defined as follows: 

The addition © is defined as x(By = x + y if x + y<n — 1 and x(By = I if 
x + y > n — I where / is the unique number satisfying the conditions i <l <n — \ 
and / = tnod {n-i) ^ + J and multiplication is defined similarly. Our claim is 
that if z > 1, then B{n, i) is not a weak Gaussian semiring. Note that x®y = 1 iff 
either x = l,y = Oorx = 0,j = 1. Also xQy = 1 iff x = y = 1. Therefore the 
set P = B{nJ) — {1} is a prime ideal of the semiring B{n,i). On the other hand 
P is not subtractive, since if a 7^ 0, 1, then a © 1 G P and a E P but 1 ^ P. So for 
z > 1, the semiring B{n, i) is not a weak Gaussian semiring. Note that if z < 1, then 
B{n, i) is a subtractive semiring. 

(4) Let r be a semiring with the following properties: (z): a-\-b = \ implies either 
a = I ox b = I fox dXl a,b E T, (zz): ab = I implies a = = 1 for all a, i» G T. We 
let P = T[X] — {1} . One can easily check that P is a prime ideal of T[X], while it 
is not subtractive, since X,X + 1 E P but I ^ P. So T\X] is not a weak Gaussian 
semiring. We obtain another good example if we set T = B. 

(5) Let No denote the set {0, 1 , 2, ■ • ■ , fc, + 1 , ■ ■ ■ }, i.e. the set of all non-negative 
integers. We define addition and multiplication over 5 = Nq U {— °°} as "max" 
and " + " respectively by considering that —0° < n < n-\- 1 for all n G No and 
— oo-f-i' = —00 for all s eS. One can easily check that (NqU {— oo},max, +, —°°^0) 
is a semiring known as the Arctic semiring. 

Let / be a non-trivial ideal of the Arctic semiring S, i.e. / 7^ {—°°} and / 7^ 
S. Then there exists a positive integer k E'H such that k E I. This implies that 
1 G \/l and finally \/l = N U {— But \/l is not a subtractive ideal of S, since 
max{^, 0} G \/l and k E while ^ So by Theorem[T9l the Arctic semiring 
(No U {—00}, max, +, — °o,0) is not a weak Gaussian semiring. 
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What we have seen up until now and the matters related to content algebras in the 
papers UNaH . HORH and BRI inspire us to introduce content and weak content semialgebras 
and generalize some interesting results for them. For doing that, we need to be familiar 
with content semimodules, the ones that we will introduce in the next section. 

4. Content Semimodules 

We introduce the concept of content semimodules that is a generalization of the concept 
of content modules introduced in HORL We also bring some routine generalizations of 
the theorems on content modules, though we do not go through them deeply. Actually 
it was possible to ask the reader to refer to the papers [ORJ, [|ES | and [RJ to see the 
process of configuring (weak) content algebras from content modules and model them 
to configure (weak) content semialgebras from content semimodules, but we thought it 
was a good idea to bring the sketch of the process. Note that the reader who is familiar 
with content modules, may skip this section without losing the flow. Before introducing 
content semimodules, first we prove the following proposition: 

Proposition 23. Let M be an S-semimodule. The following statements are equivalent: 

(1) There is a function d : M — > Id(S) such that d{x) C / ijfx G IM for all jc G M, 

(2) For all X E M (x & cm{x)M), where cm{x) = f]{I : / is an ideal ofS and x G IM}, 

(3) r\a{IaM) — {r\aIa)M, for any family of ideals {la} ofS. 

Moreover if one of these three conditions is satisfied, then cm{x) is a finitely generated 
ideal ofS. 

Proof. (1) — )• (2): Let M be an 5-semimodule and there is a function d : M — > Id(5) 
such that d{x) C / iff ;c G IM for all x E M. Suppose x E M. Since d(x) C d{x), we have 
X E d{x)M. Now we set cm W = n{/ : / G Id(5),jc G IM}. Obviously d{x) C cm{x). But 
X E d{x)M, so cmW C d{x) and finally d{x) = n{/ : / G Id(5),;c G IM}. 

(2) (3): By considering x E cm{x)M, it is obvious that n«(/aM) C {naIa)M, for 
any family of ideals {/«} of S. 

(3) (1): Define d = cm{x). 

Notethat if X G cm{x)M, thenx = cixi -\-C2X2-\ c„jc„, where q G cm{x) andx, gM for 

all I <i<n. This means that x E {c\,C2,- ■ ■ i Cn)M and therefore cm{x) C (ci , C2, ■ " " , 
but Ci E cm{x) for all \ <i<n. Hence cm{x) = {c\,C2, - ■ ■ , Cn) is a finitely generated ideal 
of S and this is what we wanted to show. □ 

One can easily see that if 5 is a semiring and A, A are two index sets. Then for each 
/ G 5[Xa,Xa^^], the ideal Cs[XAX^-^](f) coincides with c(/) the ideal generated by the 
coefficients of the polynomial /, since they both satisfy the condition 1 in Proposition 
l23l This motivates us to give the following definition that is similar to the definition of 
content modules in HORi Definition 1.1]. 

Definition 24. The 5-semimodule M is said to be a content semimodule if a; G cm{x)M 
for all X E M, where cm{x) = f]{I : / is an ideal of S and x E IM}. 

The function cm '■ M — > Id(5) with cm{x) = ClU- ^ is an ideal of S and x E IM} is 
called the content function. Note that when there is no fear of confusion, the subscript M 
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in cm{x) will be omitted. Now we give the following theorem similar to Theorem 1.3 in 
HORH . Since its proof is just a mimic of the proof of Theorem 1 .3 in HORL we omit it. 

Theorem 25. Let M be a content S-semimodule and N be an S-subsemimodule of M. 
Then the following statements are equivalent: 

{\) IMnN = IN for all ideals I ofS, 

(2) For all xEN, cm{x)N, 

(3) N is a content module and cm restricted to N is cyy. 

The first corollary of the above theorem is the following assertion. The proof of this 
corollary is nothing but just the mimic of the proof of Corollary 1.4 in HORB : 

Corollary 26. Let {Mi} be a family of S-semimodules. Then the S-semimodule ©,M,- is a 
content S-semimodule iff each Mi is an S-semimodule. 

This corollary implies the following corollary: 

Corollary 27. IfS is a semiring and A, A are two index sets, then ^[ZajXa^^] is a content 
S-semimodule. 

Now let for the moment 5 be a Noetherian semiring, i.e. every ideal of S is finitely 
generated, and let {M,} be a family of S-semimodules. Then one can easily check that 
■^ri;^; = HiJMi for any ideal J of S. By using this the following assertion is obtained. 
The proof of this corollary is nothing but just the mimic of the Corollary 2.6 in HESL 

Corollary 28. Let S be a Noetherian semiring and {Mi} be a family of S-semimodules. 
Then the S-semimodule YiiMi is a content S-semimodule iff each Mi is an S-semimodule. 

The following corollary is implied by the above corollary: 

Corollary 29. IfS is a Noetherian semiring, then 5 [ [Xi , X2 , ■ ■ ■ , X„] ] is a content S-semimodule. 

To discuss more on content semimodules may cause us to go too far away from the 
main purpose of the paper, so we end this section here and pass to the next section to 
discuss content semialgebras. 

5. Content Semialgebras and Their Prime Ideals 

Now we go further to define content semialgebras that is a generalization of polyno- 
mial semirings. Then we will see the applications of Dedekind-Mertens content formula 
for semialgebras over semirings. Note that if B is an 5-semialgebra and a content 5- 
semimodule, then according to the definition of content semimodules, for all / G 5, we 
have / G c{f)B and therefore if G B, we have / G c{f)B and g G c{g)B and this im- 
plies that fg G c{f)c{g)B and finally c{fg) C c{f)c{g) and so for all m G Nq, we have 
c{f)'^c{fg) C c(/)'"+^c(^). Since Dedekind-Mertens content formula, i.e c{f)'^~^^c{g) — 
c{f)^c{fg) has some interesting applications in commutative algebra (cf. HAGL HAKL 
[libl . HHHl, BNal, iNol, flOll, E and [T]), we are motivated to define the concept of 
content semialgebras similar to content algebras introduced in HORL 

Definition 30. Let B be an 5-semialgebra. We say that 5 is a content 5-semialgebra if 
the homomorphism A is injective (i.e. we can consider 5 as a subsemiring of B) and there 
exists a function c : B — )■ Id(5) such that the following conditions hold: 
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(\) felB iff c(/) C / for all ideals / of 5; 

(2) c{sf) = sc{f) for all 5 G 5 and / G 5 and c(l) = 5; 

(3) (Dedekind-Mertens content formula) For all f.gEB there exists an m G Nq such 
that c{fr+'c{g) = c{f)'"c{fg). 

The first example of a content 5-semialgebra that may come to one's mind is that of 
a Laurent polynomial semiring over the subtractive semiring S in any number of inde- 
terminates, i.e. the 5-semialgebra 5[Xa,Xa^] in our terminology. We gather the basic 
properties of content semialgebras in the following proposition: 

Proposition 31. Let B be a content S-semialgebra. Then the following statements hold: 

(1) c{f) = r]{I:lEld{S)JeIB}andfec{f)BforallfEB; 

(2) c(/) is a finitely generated ideal of S for all f G B; 

(3) c{fg)<Zc{f)c{g)forallf,geB; 

(4) c{fg) =Siffc{f)= c{g) = Sfor all f,ge B; 

(5) Ifp is a prime ideal ofS, then pB is a prime ideal ofB; 

(6) (McCoy's Property [|Mlj If fg = and g 0, then there exists a nonzero s E S 
such that sf = 0. 

Proof. (1) and (2) are nothing but Proposition[23]and (3) and (4) are straightforward. We 
prove assertions (5) and (6). 

(5) : As we know p is a prime ideal of S iff /7 C p implies either / C p or 7 C p for all 
ideals 7,7 of S. First note that since p is a prime ideal, p 7^ S. We claim that p5 ^ B. On 
the contrary if p5 = B, then 1 G p5 and therefore 5 = c( 1) C p, a contradiction. So p 7^ 5. 
Now let fg G p5. Therefore c{fg) C p and from Dedekind-Mertens content formula in the 
definition of content 5-semialgebras, there exists an m G No such that c{fy'+^c{g) C p. 
Obviously this causes either c(/) C p or c{g) C p and this means that either / G p5 or 
g E^B and this shows the trueness of the statement (5). 

(6) : Consider that if fg = and g ^0, then from Dedekind-Mertens content formula in 
the definition of content 5- semialgebras, there exists an m G Nq such that c(/)'"+^c(^) = 
(0). Let ? G No be the smallest number such that c{fy^^c{g) = (0). Therefore c{fYc{g) 7^ 
(0) and for all s G c{f)'c{g) - {0}, we have sf = Q. □ 

Now we give a general theorem on minimal prime ideals in semialgebras. One of the 
results of this theorem is that in content semialgebras, minimal primes extend to mini- 
mal primes and, more precisely, there is actually a correspondence between the minimal 
primes of the semiring and their extensions in the semialgebra. Note that if S and B are 
two semirings and A : S — )■ 5 is a semiring homomorphism and P is an (a prime) ideal 
of B, then its contract A ^ ^ {P) , denoted by P fl 5, is also (a prime) an ideal of S. 

Theorem 32. Let B be an S-semialgebra with the following properties: 

(1) For each prime ideal p ofS, the extended ideal pB ofB is prime; 

(2) For each prime ideal p ofS, pB nS =p. 

Then the function (p : Min(S) — Min(5) given by p — > pB is a bijection. 

Proof First we prove that if p is a minimal prime ideal of S, then p5 is also a minimal 
prime ideal of B. Let 2 be a prime ideal of B such that Q C pB. So 2 fl 5 C p5 fl 5 = p. 
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Since p is a minimal prime ideal of S, we have 2 n 5 = p and therefore Q = p5. This 
means that (p is a well-defined function. Obviously the second condition causes (p to be 
one-to-one. The next step is to prove that (p is onto. For showing this, consider Q E 
Min(5), so 2 ns is a prime ideal of 5 such that {QnS)B C Q and therefore {QnS)B = Q. 
Our claim is that (QHS) is a minimal prime ideal of S. Suppose p is a prime ideal of S such 
that p C 2 n 5, then CQ and since 2 is a minimal prime ideal of B,pB = Q = (QD S)B 
and therefore p = 2 fl 5. □ 

Let 5 be a semiring. An element 5 G 5 is said to be nilpotent if 5" = for some n G 
N. The set of all nilpotent elements of the semiring S is called the Nilradical of S and 
is denoted by Nil(5). A semiring S is said to be reduced if Nil(5) = (0). Similar to 
commutative ring theory and by using Zorn's lemma, one can prove KruU's theorem, 
which says that Nil(5) = npeMin(5)P (For example refer to liZSl Note II, p. 151]). Now 
we can easily prove the following: 

Corollary 33. Let the S-semialgebra Bbe a content S-semimodule such that the following 
statements hold: 

(1) For each prime ideal p ofS, the extended ideal pB ofB is prime; 

(2) For each prime ideal p ofS, pB nS =p. 

Then Nil(5) = Nil(5)5. Particularly B is reduced iffS is reduced. 

Proof. By considering Corollary [321 and Proposition [231 we have: Nil(5) = ClpeMiniB) P = 

npeMin(5) PB = (npeMm(5) P)^ = Nil(5)5. □ 

Corollary 34. Let B be a content S-semialgebra. Then the following statements hold: 

(1) The function (p : Min(5) — > Min(5) given by p — > pB is a bijection. 

(2) Nil(5) = Nil(5)5. Particularly B is reduced iffS is reduced. 

Corollary 35. Let S be a subtractive semiring and A, A be two index sets. Then the 
following statements hold: 

(1) The function (p : Min(5) — > Mm{S[XA,XA^^]) given by p — > p{S[Xa,Xa-^]) is 
a bijection; 

(2) Nil(5[XA,XA"i]) = Nil(5).S[XA,XA"i]. Particularly S[Xa,Xa-^] is reduced iff S 
is reduced. 

6. Weak Content Semialgebras 

We have already seen in Proposition l3T] in section 5 that in content extensions, primes 
extend to primes. Theorem \T9\ in section 4 shows us that this property for polyno- 
mial semirings in a single indeterminate, is in a nice way related to the content formula 
C y/c{fg). In this section first we generalize Theorem [T9[ for Laurent polyno- 
mial semirings in an arbitrary number of indeterminates. These examples and the concept 
of weak content algebras introduced in [[Rl inspire us to introduce weak content semi- 
algebras. As we will see at the end of this section, weak content semialgebras may be 
considered as a generalization of formal power series semirings. 

Let us remind that a celebrated theorem in semiring theory says that if P is an ideal of 
a semiring S and X is an indeterminate over S, then P[X] is a prime ideal of S[X] iff P is 
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a subtractive prime ideal of S (El Proposition 7.18]). By using LemmalU we show that 
the same statement holds for the Laurent polynomial semirings in an arbitrary number of 
indeterminates. 

Theorem 36. Let P be an ideal of a semiring S and A, A be two index sets such that 
AU A 7^ 0. Then /'[^Ai^a ] ^ prime ideal of S[X^,X^-^] iff P is a subtractive prime 
ideal ofS. 

Proof. (—)■): Suppose that P\X/^,Xi^^^] is a prime ideal of 5[Xa,Xa^^] and a,b G S such 
that ab E P. Then either a E P[Xa,Xa-^] or b E P[Xa,Xa-^]. But /'[Xa,Xa"1] fl 5 = P 
and so we have proved that P is a prime ideal of S. Now suppose that a,b E S such that 
a + b,a E P and X E X^UX^^^ is an indeterminate. Put f = a + bX and g = b+{a + b)X. 
We have fg^ab + {a^ + ab + b^)X + {ab + b^)X^ and so fg E P[Xa,Xa^^] . But since 
P[Xa,Xa~^] is prime, either / E P[Xa,Xa~^] or g E P[Xa,Xa^^] and in each case, b E P 
and so we have showed that P is subtractive. 

(^): Suppose that P is a subtractive prime ideal of S. Obviously in order to show 
that P[Xa,Xa^^] is a prime ideal of S[Xa,Xa^^], we need to prove that if Xi,X2, ■ ■ ■ ,X„ E 
Xa UXa~^ then P[Xi,X2, ■ ■ ■ is a prime ideal of 5[Xi,X2, ■ ■ ■ ,X„]. Our proof is by 
induction on n. Forn= 1, the result follows from [G, Proposition 7.18]. If the result is true 
for n = k and f^gE S[Xi,- ■ such that fg E P[Xi, ■ ■ ■Xj^.Xj^^i], then without loss 

of generality, we may assume that both / and g are nonzero polynomials and so Lemma 
|4] implies the existence of f* ,g* E S[Xi,- ■ ■ such that c(/) ^ c{f*), c{g) = c{g*) and 
c{fg) = c{f*g*). Since fg E P[Xu- ■ we have c{fg) C P and so cifg*) C P. 

Thus f*g* E P\Xi,X2, - ■ ■ , Xyt] . But by induction's assumption, P\Xi , X2, ■ ■ ■ , X^t] is a prime 
ideal of 5[Xi,X2, ■ ■ ■ so either /* e P[XuX2, ■ ■ ■ or ^* G P[XuX2, ■ ■ ■ ,Xk]. This 
implies that either c(/*) ^ P or c{g*) CP. Thus either c(/) CP or c{g) C P. This means 
that either f E P[Xi, - ■ ■ X^, X^+i] or g E P[Xi, - ■ ■ X^, X^+i] and the proof is complete. □ 

The next theorem is a generalization of Theorem [19] in section 4: 

Theorem 37. Let S be a semiring and A, A be two index sets such that A U A 7^ 0. Then 
the following statements are equivalent: 

(1) c{fg)Cc{f)c{g) C y^^,forallf,gES[XA,XA-'], 

(2) a/7 is subtractive for each ideal I of the semiring S, 

(3) Each prime ideal pofS is subtractive. 

Proof. ( 1 ) — )■ (2) : Suppose / is an ideal of S and a,bES such that a + b,aE a/7. We need 
to show that b E a/7. Let X E XaU Xa^ ^ be an indeterminate and put f = a + bX and 
g = b + {a + b)X. Then just like the proof of Theorem [T9l we have b E 

(2) — )■ (3) is obvious. 

(3) — )■ (1) Let each prime ideal p of 5 be subtractive. For simplicity we put B = 
S[Xa,Xa^^]. Let f,g E B and suppose that p is a prime ideal of S and c{fg) C p. Ob- 
viously fg E p5. But by Theorem |36] p5 is a prime ideal of B and so either / G p5 or 
^ G p5 and this means that either c(/) C p or c{g) C p and in any case c{f)c{g) C p. 
Consequently c{f)c{g) C npeSpec,(^.,)(5) P = V^^ifs)- □ 
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Corollary 38. Let S be a subtractive semiring and A, A be two index sets. Then c{ fg) C 
'^(/)'^(,?) ^ \/(^{fs) for all f,g& S[X\,X/^^^]. In particular, ifS is a reduced subtractive 
semiring, then fg = implies supp(/) supp(g) = {0}for all f^gE 5[Xa,Xa^^]. 

Theorem [37] and the concept of weak content algebras in DR] motivate us to give the 
following definition: 

Definition 39. Let 5 be a semiring and B be an 5-semialgebra. We say 5 is a weak content 
5-semialgebra if the following conditions holds: 

(1) 5 is a content 5-semimodule; 

(2) cif)cig) C v/^, for all f.geB. 

Note that if 5 is a weak content 5-semialgebra, then by condition (1) of Definition [39l 

c(/^)Cc(/)c(^)forall/,^G5. 

Proposition 40. Let the S-semialgebra B be a content S-semimodule. Then the following 
statements are equivalent: 

(1) c{f)c{g) C ,/^,forallf,geB, 

(2) For each prime ideal p ofS, either pB is a prime ideal ofB or pB = B. 

Proof. ( 1 ) (2) : Let p be a prime ideal of R such that p5 7^ B. If fg G p5, then c{fg) C p 
and so c{f)c{g) C p. Thus either c(/) C p or c{g) C p and this means either / G p5 or 
g G p5. So we have already showed that p5 is a prime ideal of B. 

(2) — )■ (1): Let f,gEB such that c{fg) C p, where p is a prime ideal of S. Obviously 
fg G p5. Then (2) implies that either / G p5 or ^ G p5 and this means that either c(/) C p 
or c{g) C p and in any case c{f)c{g) C p. Consequently c{f)c{g) C npespec,(^^)(5) P = 

a/ c{fg) and this is what we wanted to show. □ 

Corollary 41. Let B be a content S-semialgebra. Then c{fg) C c{f)c{g) C ^c{fg), for 
allf,geB. 

Proof. In content semialgebras, primes extend to primes (Proposition [3T])- D 

Corollary |4T] shows that content semialgebras are weak content semialgebras, but the 
converse is not true. For example if 7? is a Noetherian ring, then R[[Xi,X2, ■ ■ ■ ,X„]] is a 
weak content 7?-algebra and obviously weak content i?-semialgebra, while it is not nec- 
essarily a content 7?-algebra and obviously not a content 7?-semialgebra as the following 
example taken from [R, p. 331] shows: Let ^ be a field and u and v be indeterminates 
and setR = k[u,v]. Let f = u + vX + vX^ + ■ ■ ■ , and g = v + X eR[[X]]. Then c(^) =R 
hutcifg) = iuv,u + v\v + v^) ^ M = c{f). Thus c{gr+'c{f)^cigrcifg) for each 

R > 1. 

Let for the moment 5 be a semiring and Xi,X2, ■ ■ ■ ,X„ be n indeterminates over S. 
Obviously the set of all formal power series 5[[Xi,X2, ■ ■ ■ ,X„]] is an 5-semialgebra. In the 
rest of this section we discuss this important family of semialgebras: 

Proposition 42. If for any / G 5[[Xi,X2, ■ ■ ■ we set Af to be the ideal generated by 
the coefficients of f, thenAfg C A fAg for all f,g E S[[Xi,X2, - ■ ■ , Xn] ] . Moreover if S is a 
Noetherian semiring, then the following statements hold: 
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(1) /// is an ideal ofS, then /.5[[Xi,X2, ■ ■ ■ = /[[Xi,X2, ■ ■ ■ 

(2) The function Af : 5[[Xi,X2,-- - ,X„]] — > Id(5') satisfies the following property: 
AfCIifffe I.S[[XuX2, ■ ■ ■ ,X„]] for each ideal I ofS; 

(3) c(/) = Af for any f G S[[Xi,X2, ■ ■ ■ ,X„]] and S[[Xi,X2, ■ ■ ■ ,X„]] is a content S- 
semimodule. 

Proof. The statement Ay^ C AyAg for all f,gE S[[Xi,X2, ■ ■ ■ ,Xn]], is straightforward. 

Now let 5 be a Noetherian semiring. Then (1) is straightforward. We prove (2) and 
(3). The proof of (2) is as follows: 

(—!■): Let / G 5[[Xi,X2, ■ ■ ■ ,X„]] and / be an ideal of S such that Af C I. Therefore 
Af[[XuX2, ■ ■ ■ ,X„]] C /[[Xi,X2, ■ ■ ■ ,X„]] and so / G /[[Xi,X2, • ■ ■ But since S is a 

Noetherian ring, I.S[[XuX2, ■ ■ ■ ,X„]] = I[[Xi,X2, ■ ■ ■ ,X„]]and so / G I.S[[Xi,X2, ■ ■ ■ ,X„]]. 

(^): On the other hand if / G /.5[[Xi,X2, ■ ■ ■ ,X„]], then / G I[[Xi,X2, ■ ■ ■ ,X„]] and so 
each coefficient of / is an element of / and finally Af C I. 

The proof of (3) is as follows: 

Since 5 is a Noetherian semiring, by (2) and Proposition [23l S[[Xi,X2, - ■ ■ ,X„]] is a 
content 5-semimodule and c(/) =Af for all / G ,X2, ■ ■ ■ ,X„]] . □ 

Now we prove a general theorem on formal power series over semirings. 

Lemma 43. IfP is an ideal of a semiring S andX is an indeterminate over S, then /'[[^]] 
is a prime ideal o/5[[X]] iffP is a subtractive prime ideal ofS. 

Proof. First we prove (^). Let P be a subtractive prime ideal of S. We let G S[\X]] 

such that fg G P[[X]]. Therefore Afg<ZP. If we set f = aQ + aiX -\ h a„X" ^ 

and g = bQ-[- biX H h H , then ao^o G P- Our claim is that aibj G P for all 

«,j G Nq. First we prove aobj G P by induction on j. Let a^bk G P for all < ^ < 
n. Note that the coefficient of the monomial in fg is also in P. This means that 
a^bn+i + aibn H h a«+i^o ^ P- Therefore ao(aoZ?„+i + aibn H h <3«+i^o) ^ P- 

But ao{aQbn+i +aiZ?„H \-an+ibo) = ao^bn+i +ao{aibn-\ \-an+ibo) and since 

ao^yt G P for all < ^ < n and P is subtractive, then ao^bn+i G P and this means that 
(aobn+i)^ G P. Hence ao^;i+i ^ since P is a prime ideal of S. So for the moment we 
get that aog G /'[[^]]. But /'[[^]] is a subtractive ideal of ^[[X]], since P is a subtractive 
ideal of 5. So {aiX + a2X^ + --- + anX'' + ---)g e P[[X]]. We let /i =ai+a2X + --- + 

an+iX"-] , soA^jg CP. So the same process for /i shows us that a eP. Therefore if 

we set /,■ = at + ai+iX H an+iX" H , then by induction on i, we get that X'fg EP[[X]] 

and Af.g C P and finally aibj G P for all /, j G Nq. This means that A fAg C P and since P 
is a prime ideal of S, either A f C P or Ag C P and at last either / G /'[[X]] or ^ G /'[[X]] 
and the proof of (^) is complete. 

Now we prove (— )■) . Let P be an ideal of S such that P[[X]] is a prime ideal of S[[X]] . We 
let a,beS such that ab G P. Therefore ab G P[[X]] and so either a G /'[[X]] or G P[[X]]. 
This implies that either a E P or b G P. In the next step we prove that P is subtractive. 
We let a,b E S such that a + b,a E P and put f = a + bX and ^ = + (a + Z?)^. We have 
fg = ab + {a^ + ab + b^)X + {ab + b^)X^ and therefore fg E P[[X]]. But /'[[X]] is a prime 
ideal of 5[[X]]. So either / G /'[[X]] or ^ G /'[[X]] and in any case b E P and the proof is 
complete. □ 
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Corollary 44. IfP is an ideal of a semiring S and Xi,X2, ■■ ■ ,X„ are n indeterminate over 
S, then P[[Xi,X2, ■ ■ ■ is a prime ideal ofS[[Xi,X2, ■ ■ ■ ,X„]] ijfP is a subtractive prime 
ideal ofS. 

Proof. First we prove (^) by induction on the number of indeterminates n. The case 
n = 1 is nothing but Lemmal43l Now assume the statement is true for n = k. We suppose P 
is a subtractive ideal of 5. By induction's hypothesis, /'[[Xi,X2, ■■ ■ ^X^]] is a prime ideal of 
S[[Xi,X2, ■ ■ ■ ,Xk]]. Obviously P[[Xi,X2, ■ ■ ■ is subtractive as well. We let X^^i be an 
indeterminate over 5'[[Zi,X2, ■ ■ ■ Therefore by Lemma|43l P[[Xi,X2, - ■ ■ ^X^]] [[X^+i]] 
is a prime ideal of 5'[[Xi,X2, ■ ■ ■ [[^/t+i]] and this is what we wanted to show. The 
proof of (— )■) is nothing but just the mimic of (— )■) in proof of Lemma |43l □ 

Theorem 45. Let S be a semiring. Then the following statements are equivalent: 

(1) Afg CAfA, C ^Jorallf.g G 5[[Xi,X2, ■ ■ ■ 

(2) a/7 is subtractive for each ideal I of the semiring S, 

(3) Each prime ideal PofS is subtractive. 

Proof. Though the proof is nothing but only the mimic of the proof of Theorem [19] 
by substituting A ^ for c(/) and considering Corollary HH but only for the sake of the 
reader's confidence, we prove that (3) implies (1): Let each prime ideal P of 5 be 
subtractive. We need to show that AfAg C ^jAfg for all f,gE S[[Xi,X2, ■ ■ ■ Let 
f,gE 5[[Xi,X2, ■ ■ ■ ,Xn\] and suppose that P is a prime ideal of S and Afg C P. It is clear 
that fg G P[[Xi,X2, ■ ■ ■ ,Xn]]. But by Corollary g?! the ideal P[[Xi,X2, ■ ■ ■ ,X„]] is a prime 
ideal of S[[Xi,X2, ■ ■ ■ and so either / G P[[XuX2, ■ ■ ■ ,X„]] or ^ G [[Xi,X2, ■ ■ ■ 
and this means that either Af C P or Ag C P and in any case AfAg C P. Consequently 

AfAg C f]peSp.c^^.^{S)P= ^/ATg- □ 
Theorem |45] and Proposition l42l give us the following corollary: 

Corollary 46. Let S be a Noetherian semiring. Then the following statements are equiv- 
alent: 

(1) S[[Xi,X2, ■ ■ ■ ,X„]] is a weak content S-semialgebra, 

(2) \/7 is subtractive for each ideal I of the semiring S, 

(3) Each prime ideal P ofS is subtractive. 

By Theorem [191 Theorem [32l Proposition [42l and Corollary [44l we get the following 
corollary: 

Corollary 47. Let S be a Noetherian and a weak Gaussian semiring. Then the following 
statements hold: 

(1) (p : Min(5) Min(5[[Xi,X2, ■ ■ ■ ,X„]]) given by p ^ p{S[[XuX2,- ■ ■ M]) « 
bijection; 

(2) Nil(S[[Xi,X2,--- =Nil(5).5[[Zi,X2,--- Especially S[[X,,X2r ■■ ,X„]] 
is reduced iffS is reduced. 
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7. Content Semialgebras over Semirings Having Few Zero-divisors 

For a semiring S, by Z(5), we mean the set of zero-divisors of S and by an associated 
prime ideal p of the semiring S, we mean a prime ideal of S such that p = Ann(a) for 
some a E S, where Ann(a) = {5 G 5 : a* = 0}. We denote the set of all associated prime 
ideals of the semiring S by Ass(5). 

One of the most important theorems in commutative ring theory, known as Prime 
Avoidance Theorem, says that if / is an ideal of a ring R and /', (!</< n) are prime 
ideals of R and / C U|-Lj/'/, then / C Pj for some i. A similar assertion can be said for 
semirings: If / is an ideal of a semiring S and Pi (1 < / < n) are subtractive prime ideals 
of S and / C U"^j/'/, then / C Pj for some i. This version of Prime Avoidance Theo- 
rem for semirings, enjoys exactly the same proof of the ring version of Prime Avoid- 
ance Theorem mentioned in {K, Theorem 81]. Note that if 5 is a semiring and x G 5, 
then Ann(x) = {5 G 5 : 5X = 0} is a subtractive ideal of 5, because \f r-\- s E Ann(x) and 
r G Ann(x) for r,5 G 5, then (r + s)x = and rx = and therefore sx = 0. This means 
that s G Ann(x) and Ann(x) is a subtractive ideal of S. From all we said, we deduce that 
if / C U"^iPi, where Pi G Ass(5), then I ^Pi = Ann(jc,) for some i. Especially I.Xi = 0, 
which means that / has a nonzero annihilator. 

In [Dav], it has been defined that a ring R has/ew zero-divisors, if Z{R) is a finite union 
of prime ideals. We present the following definition to prove some other theorems related 
to content semialgebras. 

Definition 48. A semiring S has very few zero-divisors, if Z(5) is a finite union of prime 
ideals in Ass (5). 

Theorem 49. Every Noetherian semiring has very few zero-divisors. 

Proof. Let 5 be a Noetherian semiring. We prove in two steps that the semiring S has very 
few zero-divisors. 

Step 1 : The set of zero-divisors Z(5) of 5 is a set-theoretic union of maximal primes of 
Z(5). 

Obviously Z(5) = U^^o Ann(5) . Since 5 is a Noetherian semiring, by ascending chain 
condition on the ideals of S, any Ann(5) for 5 7^ is contained in a maximal one. Let 
P = Ann(M) be maximal among the ideals Ann(5), where s ^ and suppose ab E P but 
a ^ P. This means that au ^ and P C Ann{au) and therefore by maximality of P, we 
have P = Ann(aM). Now since b annihilates au, we have b E P. 

Step 2: There exist only finitely many maximal primes of Z(5). 

Let {Pi = Ann(a/)}, be the family of maximal primes of Z(5). Suppose A is the ideal 
generated by the elements {ai}i, where Pi = Ann(a,) . Since S is Noetherian, A is generated 
by a finite number of elements in {a,},;, say ai,a2, - ■■ ,an. If any further a's exist, can be 

written as a linear combination of ai,a2, • " " i(^n, i-C = tiai-\-t2a2-\ G S). 

This implies that Pi fl ^2 fl ■ ■ ■ fl C P^^i and therefore i\ C P„^i for some I < k < n, 
contradicting the maximality of Hence there are no further a,'s or P/'s and the proof is 
complete (cf. [K, Theorem 6]). □ 

Theorem 50. Let B be a content S-semialgebra. Then the following statements hold: 
(1) IfS has very few zero-divisors, then B has very few zero-divisors as well; 
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(2) IfS is a weak Gaussian semiring andB has very few zero-divisors, then S has very 
few zero-divisors. 

Proof ( 1 ) : Let Z(5) = Pi Up2 U ■ ■ • U p„, where p,- G Ass (5) for all 1 < / < n. We show that 
Z{B) =Pi5Up25U-- -Up^fi. Let gEZ{B), so there exists an* e 5-{0} such that 5^ = 
and so sc{g) = (0). Therefore c{g) C Z(5) and by considering that each ideal in Ass(5) 
is subtractive and according to the Prime Avoidance Theorem for semirings, we have 
c{g) C p-, for some 1 <i <n and therefore g G PiB. Now let g G Pjfi U P25 U ■ ■ ■ U p,j5, 
so there exists an i such that g G p^B and therefore c{g) C p- and c{g) has a nonzero 
annihilator and this means that g is a zero-divisor of B. Note that P;5 G Ass(5), for all 
l<i<n. 

(2): Let Z{B) = U'-^^Qi, where ^ G Ass(5) for all 1 < z < n. Therefore Z(5) = 
U/Li (Gi ^ • Without loss of generality, we can assume that QidS ^ Qj fl S for all / ^ j. 
Now we prove that QiDS E Ass(5) for all I <i<n. Consider f EB such that Qj = Ann(/) 
andc(/) = {si,S2:--- ,Sm)- It is easy to see that Q/flS = Ann(c(/)) CAnn(5i) ^^(5) and 
since every prime ideal of S is subtractive, by Prime Avoidance Theorem for semirings, 
2,n5 = Ann(^i). □ 

Corollary 51. Let S be a subtractive semiring and A, A be two index sets. Then S has 
very few zero-divisors iff S\X/^,Xi^^^] has very few zero-divisors. 

There are non-Noetherian semirings that have very few zero-divisors. For example, 
let for the moment, 5 be a subtractive semiring that it has very few zero-divisors and 
Xi,X2, ■ ■ ■ be infinitely many indeterminates. Then according to Theorem [501 the semiring 
5[Xi,X2, ■ ■ ■] has very few zero-divisors while it is not Noetherian. On the other hand, 
there are semirings (actually rings) that they have few zero-divisors but not very few 
zero-divisors [|Na[ Remark 10]. 

8. Content Semialgebras over Semirings Having Property (A) 

Now we give the following definition that is similar to the definition of Property (A) 
for rings in [HK] and prove some other results for content semialgebras. 

Definition 52. A semiring S has Property (A), if each finitely generated ideal / C Z(5) 
has a nonzero annihilator. 

Let 5 be a semiring. If S has very few zero-divisors, then S has Property (A), but there 
are some non-Noetherian semirings which do not have Property (A) [K, Exercise 7, p. 
63]. The class of non-Noetherian semirings having Property (A) is quite large [H, p. 2]. 

Theorem 53. Let B be a content S-semialgebra such that the content function c : B — > 
FId(5) is onto, where by FId(5), we mean the set of finitely generated ideals of S. Then 
the following statements are equivalent: 

(1) S has Property (A), 

(2) For all f E B, f is a regular element ofB iffc{f) is a regular ideal ofS. 

Proof. (1) — )■ (2): Let S have Property (A). If / G 5 is regular, then for all nonzero s E S, 
sf ^0 and so for all nonzero s E S, sc{f) ^ (0), i.e. Ann(c(/)) = (0) and according to 
the definition of Property (A), c(/) ^ Z(5). This means that c(/) is a regular ideal of S. 
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Now let c{f) be a regular ideal of 5', so c(/) ^ Z(5) and therefore Ann(c(/)) = (0). This 
means that for all nonzero 5 G 5, sc{f) 7^ (0), hence for all nonzero s E S, sf ^0. Since 
5 is a content 5-semialgebra, / is not a zero-divisor of B. 

(2) — )• (1): Let / be a finitely generated ideal of S such that / C Z(S). Since the content 
function c : B — v FId(5) is onto, there exists an / G 5 such that c(/) = /. But c(/) is not 
a regular ideal of 5, therefore according to our assumption, / is not a regular element of 
B. Since 5 is a content 5-semialgebra, there exists a nonzero s E S such that sf = and 
this means that si = (0), i.e. / has a nonzero annihilator. □ 

Remark 54. In the above theorem the surjectivity condition for the content function c 
is necessary, because obviously 5 is a content 5-semialgebra and the condition (2) is 
satisfied, while one can choose the semiring S such that it does not have Property (A) [K, 
Exercise 7, p. 63]. 

An element r of a ring R is said to be prime to an ideal I of R if I : (r) = I, where by 
/ : (r), we mean the set of all elements d of R such that dr E I ESI p. 223]. Let / be an 
ideal of R. We denote the set of all elements of R that are not prime to / by 5(7). It is 
obvious that r E 5(7) iff r + 7 is a zero-divisor of the quotient ring 7?/7. The ideal 7 is said 
to be primal if 5(7) forms an ideal and in such a case, 5(7) is a prime ideal of 7?. A ring 7? 
is said to be primal, if the zero ideal of 7? is primal HDauL It is obvious that 7? is primal iff 
Z(7?) is an ideal of 7?. This motivates us to define primal semirings. 

Definition 55. A semiring 5 is said to be primal if Z(5) is an ideal of 5. 

Theorem 56. Let B be a content S-semialgebra. Then the following statements hold: 

(1) IfB is primal, then 5 is primal and Z{B) = Z{S)B; 

(2) IfS is primal and has Property (A ), then B is primal, has Property (A ) and Z(B) = 
Z{S)B; 

(3) If the content function c : B — y FId(5) is onto, then B is primal iffS is primal and 
has Property (A ). 

Proof. (1): Assume that Z{B) is an ideal of B. We show that Z(5) is an ideal of 5. For 
doing that, it is enough to show that if a,b E Z{S), then a + b E Z{S). Let a,b E Z{S). 
Since Z(5) C Z{B) and Z{B) is an ideal of B, we have a + Z? G Z{B). This means that there 
exists a nonzero g E B such that {a + b)g = 0. Since ^ 7^ 0, we can choose 7^ J G c{g) 
and we have {a + b)d = 0. Now it is easy to check that Z{B) = Z{S)B. 

(2): Let 5 have Property (A) and Z(5) be an ideal of 5. We show that Z{B) = Z{S)B. 
Let / G Z{B), then according to McCoy's property for content semialgebras (Proposition 
|3T| ). there exists a nonzero s E S such that f.s = 0. Therefore we have c(/) C Z(5) and 
since Z(5) is an ideal of 5, / G Z{S)B. Now let / G Z(5)5, then c(/) C Z(5). Since 5 has 
Property (A), c(/) has a nonzero annihilator and this means that / is a zero-divisor in B. 
So we have already showed that Z{B) is an ideal of B and therefore B is primal. Finally 
we prove that B has Property (A). Assume that / = (/i,/2, ■ " " ?/«) ^ ^i^)- Therefore 
c(/i),c(/2), ■ ■ ■ ,c(/„) C Z(5). But Z(5) is an ideal of 5 and c(//) is a finitely generated 

ideal of 5 for any 1 < i < n, so I = c(/i) +c(/2) H l-c(/„) C Z(5) is a finitely generated 

ideal of 5 and there exists a nonzero s E S such that ^7 = 0. This causes sJ = and J has 
a nonzero annihilator in B. 
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(3): We just need to prove that if B is primal, then S has Property (A). For doing that, 
let / C Z(5) be a finitely generated ideal of S. Since the content function is onto, there 
exists an / G 5 such that / = c(/). Since c{f) C Z(5), / G Z{B). According to McCoy's 
property for content semialgebras, we have f.s = for some nonzero s E S and this means 
/ = c(/) has a nonzero annihilator and the proof is complete. □ 

Corollary 57. Let S be a subtractive semiring and A, A be two index sets such that either 
A or A is nonempty. Then 5[Xa,Xa^^] is primal iffS is primal and has Property (A). 

Let 5 be a weak Gaussian semiring that has few zero-divisors. One can consider Z(5) = 
U"^jP,- such that p,- ^ U"^j^^y -p^ for all I < i < n. Obviously we have p,- ^ p^- for all 
i 7^ j. Also, by using Prime Avoidance Theorem for semirings, it is easy to check that, 
if Z(5) = u;LiP, and Z(5) = U^^jQ^ such that p,- ^ p^ for all / ^ j and ^ q, for all 
k ^ I, then m = n and {pj , ■ ■ ■ , p„} = {qj , ■ ■ ■ , q„}, i.e. these prime ideals are uniquely 
determined. This is the base for the following definition: 

Definition 58. A weak Gaussian semiring S is said to have/ew zero-divisors of degree n, 
if S has few zero-divisors and n is the number of maximal primes of Z{S) . In such a case, 
we write zd(5) = n. 

Note that if Z(5) is an ideal of S, then it is prime. Hence S is primal iff S has few 
zero-divisors of degree one, i.e. zd(5) = 1. Now we generalize Theorem [56] as follows: 

Theorem 59. Let B be a content S-semialgebra. Then the following statements hold for 
all natural numbers n: 

(1) //zd(5) = n, then zd(5) < n; 

(2) IfS is subtractive and has Property (A) and zd(5) = n, then zd(B) = n; 

(3) IfS is subtractive and the content function c : B — t- FId(5) is onto, then zd{B) = n 
iffzd{S) = n and S has Property (A). 

Proof ( 1 ) : Let Z{B) = ULi Qi- We prove that Z(S) = ULi (Qi n 5) . In order to do that 
let s G Z(S). Since Z(5) C Z{B), there exists an / such that s G Qi and therefore s G QiCiS. 
Now let s E QiDS for some i, then s E Z{B), and this means that there exists a nonzero 
g E B such that sg = and at last sc{g) = 0. Choose a nonzero d E c{g) and we have 
sd^O. 

(2): Since 5 is a subtractive semiring, similar to the proof of Theorem [50l if Z(5) = 
U"=i Pp then Z{B) = ULi Also it is obvious that p,-5 C p -5 iff p,- C p^- for all 1 < 
/, j < n. These two imply that zd(5) = n. 

3: is nothing but (2). For proving (—!■), consider that by (1), we have zd(5) < n. 
Now we prove that semiring S has Property (A). Let / C Z(5) be a finite ideal of S. Choose 
f EB such that / = c(/). So c(/) C Z(5) and by Prime Avoidance Theorem and (1), there 
exists an 1 < / < n such that c(/) C Qi n S. Therefore / G {Qi n S)B. But {Qi n S)B C Q,-. 
So / G Z{B) and according to McCoy's property for content semialgebras, there exists a 
nonzero s E S such that f.s = 0. This means that Ls = and / has a nonzero annihilator. 
Now by (2), we have zd(5) = n. □ 

Corollary 60. Let S be a subtractive semiring and A, A be two index sets such that either 
A or A is nonempty. Then for all natural numbers n, zd{S[XA,Xjsr^]) — n iff zd{S) = n 
and S has Property (A ). 



ON THE CONTENT OF POLYNOMIALS OVER SEMIRINGS AND ITS APPLICATIONS 



27 



Remark 61. Let 5 be a semiring. Then the following statements hold: 

(1) If5 = 5i xS2X---x5„ such that Si is a semiring having few zero-divisors of 
degree kj for all I <i <n, then zd(S) = zd(5i) + zd(52) H h zd(S„). 

(2) If we set S = n"=i T, where T = {0, a, 1} is the semiring in Proposition [ITl then 
S is subtractive, has Property (A) and zd(r) = n and so zd(r[X]) = n. 
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